We discuss noncollinear magnetic phenomena whose local order parameter is characterized by more than one spin vector. By focusing on the simple cases of 2D triangular and 3D pyrochlore lattices, we demonstrate that their low-energy theories can be described by a one-parametric class of sigma models continuously interpolating between the classical Heisenberg model and the principal chiral model Tr ∂ a U∂ a U † for all U ∈ SU(2). The target space can be viewed as a U(1) fibration over the CP(1) space. The 3D version of our model is further generalized to break spatial and spin rotation symmetry SO(3) × SO(3) → SO(3).
The principal chiral model (PCM) is the first term of the model proposed by T. Skyrme to describe nucleons as topological solitons of the underlying pion field [1] . The realization of this model in magnetism anticipates the possibility of observing quasi-spherically symmetric point-like skyrmions in real materials. These skyrmions are different from the twodimensional (2D) "baby" skyrmion configurations recently reported in chiral collinear ferromagnets [2] [3] [4] because noncollinear and collinear magnets have different order parameter manifolds (target spaces): SO(3) and S 2 , respectively. The corresponding homotopy groups are Π 3 (SO(3)) = Z and Π 2 (S 2 ) = Z, implying that skyrmions of collinear magnets, such as ferromagnets, are point-like particles in 2D systems (thin films), while skyrmions of noncollinear magnets are point-like particles in three-dimensional (3D) bulk materials.
Below we will show that low-energy magnetic phenomena are described by a class of sigma models interpolating between the classical Heisenberg model and the PCM. The continuous limit of the classical Heisenberg model is a sigma model with the S 2 target space, while PCM in the case at hand has the S 3 target space. The interpolation corresponds to a continuous deformation of noncollinear magnetic orderings into collinear orderings described by a single vector. We present examples of 2D and 3D lattices, starting from the case of three orthonormal unit vectors, and then expanding the theory to a more general situation. The low-energy theory (after integrating out gapped modes) can be described by virtue of three-component vectors e µ where the subscript µ marks distinct vectors (µ = 1, 2, 3) while the superscript A below marks the components in the spin space (A = 1, 2, 3). The basis set can be chosen as follows [5] 
Quantum (gapless) fluctuations rotate the original basis set by * ztwang@utk.edu coordinate-dependent matrix
If we use the SU(2) conventions
where U(x) ∈ SU(2) and σ stands for three Pauli matrices. The convolution over the spatial derivatives ∂ a (a = 1, 2 for 2D models and a = 1, 2, 3 for 3D models) reduces to [6] can drop one term, say, with µ 0 = 3. Then, instead of (6) we will get
More generally, one can replace the set (1) by the following set
Here α is the cosine of the angle between any pair of the basic vectors. In both cases above and in similar situations the Hamiltonian will be generically proportional to
where β is a numerical parameter. For the Heisenberg model we have β = 1, while β = 0 for PCM. As we will see below, the later case is realized by certain noncoplanar magnets, while the intermediate 0 < β < 1 case is realized by the nearestneighbor (NN) antiferromagnetic (AFM) Heisenberg model on the triangular lattice (TL) [7] (see Fig. 1 ). There is a whole one-parametric family of models (with β is neither zero nor one) which interpolates between them. The target space of the emerging sigma model is topologically equivalent to S 3 , 3D sphere. If β 0, it is a deformed sphere, however. In fact, the target space represents a U(1) fibration over CP(1) space. In terms of three angles the metric of (9) is determined by
where here and below ∼ means proportional, i.e. inessential overall numerical factors are omitted. It is obvious that for β = 1 we return to S 2 , i.e. the Heisenberg model. The scalar curvature corresponding to (10) is constant over the target space and proportional to The continuous family of the sigma models presented above (to be revealed below in some magnetic phenomena) plays a special role in mathematical physics. First of all, in 2D all these models are integrable and were exactly solved [8] [9] [10] [11] [12] [13] by various methods, which makes them rather unique. Second, they possess topologically nontrivial excitations [14] of the Skyrmion type [1, 15] . If the parameter β in (9) is set to zero, the target space is just round sphere S 3 and the topological excitation is just the standard Skyrmion. However, with increasing β (keeping β positive) we deform it, and it would be very interesting to trace the evolution of the topological excitation, especially when β approaches unity, i.e. the target space becomes close to S 2 . Two-dimensional model. Now we will consider a half-filled Hubbard model [16] [17] [18] [19] [20] [21] on TL:
where t i j are the hopping amplitudes up to 3rd nearest neighbor {t 1 , t 2 , t 3 }, and U is the on-site electron repulsion. Here we will assume that |t 2 |, |t 3 | < |t 1 |. This model describes the adatom system on a semiconductor surface Sn/Si(111)-(
. In the large-U limit, H can be reduced to an effective S = 1/2 spin modelH by expanding in the small t µ /U ratio (µ = 1, 2, 3). To fourth order in t 1 and second order in t 2 and t 3 , H =H J +H K , contains both AFM Heisenberg and plaquette exchange terms [23, 24] :
The sum inH J runs over all the possible bonds i j with
, and J i j = J 3 = 4t 2 3 /U + 4t 2 1 /U 3 for third-NN. The sum inH K runs over all the smallest parallelograms, with { j, k} connecting NNN and K = 80t 4 1 /U 3 . Assuming that U is large enough for the Heisenberg term to be dominant, the ordering wave vectors in the classical limit are obtained by minimizing the classical energy ofH J , E cl = η=1,2,3 δ η J η S 2 cos k · δ η , where δ η runs over the relative positions of the η'th NN. In this Letter we will focus on the parameter space where the ordering wave vectors are the Mpoints (half of reciprocal lattice vectors along the [1/2, ± √ 3/2], and [0,-1] directions) of the Brillouin zone of the TL, which will be denoted by Q µ (µ = 1, 2, 3) [25] [26] [27] .
The classical spin configurations that minimizeH J are
with s µ · s ν = 0 for µ ν and
This classical ground state parametrization includes single, double and triple-Q orderings. This accidental degeneracy is removed by quantum fluctuations and by the addition ofH K . Quantum fluctuations (order by disorder) [28] [29] [30] favor the collinear single-Q ordering,
depicted in Fig. 2 (a) (u µ is a unit vector with arbitrary direction because of the SU(2) invariance of H ). In contrast,H K favors the noncoplanar triple-Q ordering [25] [26] [27] 31 ]
shown in Fig. 2(c) . Note that u µ · u ν = δ µν . The triple-Q state breaks not only the continuous SU(2) symmetry, but also the discrete chiral symmetry with local order parameter,
associated with the noncoplanar nature of this triple-Q ordering. Here { j, k, l} denote the 3 sites in each smallest triangle and we adopt the anticlockwise convention for circulation ( j → k → l). Indeed, the triple-Q state has uniform scalar chirality (orbital ferromagnetism) [32] , whose sign is fixed by the sign of u 1 · (u 2 × u 3 ) in Eq. (15) . The single-Q ordering (14) is stabilized by quantum spin fluctuations, which are dominant for large enough U/|t i j |; while the triple-Q ordering (15) is stabilized by charge fluctuations below some critical value of U/|t i j |. For completeness, Figure 2 (b) also shows the coplanar double-Q ordering that is obtained when only one out of the three s µ vectors is equal to zero in Eq. (13). We next derive an effective field theory for the triple-Q ordering. The local SO(3) order parameter is a rotation matrix instead of the unit vector that describes collinear (single-Q) ordering. The relevant homotopy groups are [7] 
The normalized spin orientation on the four sublattices can be parametrized aŝ
where L determines the net magnetization of each unit cell, R is an SO(3) matrix describing the global spin rotations of the triad of s µ vectors, and b µ represents magnitude fluctuations of the s µ fields. The mutually orthogonal unit vectors e µ are chosen to point along the Cartesian axes (e 1 =x, e 2 =ŷ, e 3 =ẑ) and the matrix χ is:
The vector b belongs to the surface of a sphere, S 2 , of radius
The ground space manifold of the classical limit ofH J , defined by Eq. (13), is obtained by setting L = 0 in Eq. (18) and forcing the fields R and b to be uniform. Note that the b fields continuously connect the triple-Q ordering of (15) with double and single-Q ordering (14) . These fluctuations are massless for the pure classicalH J model, whose order parameter manifold becomes SO(3)×S 2 . As we show below,H K makes the b-field massive reducing the order parameter manifold to SO(3).
To first order in L and b, we havê
and the local magnetization is 2 3 RL. The continuum limit is obtained by replacing S i with SΩ i inH and implementing the gradient expansion
. (21) Here 1 ≤ j ≤ 4 is a sublattice index and r is the real space coordinate. Because the triple-Q ordering conserves parity, the Hamiltonian only contains even powers of spatial derivatives. Replacing Eq. (21) intoH J [Ω], and using Eq. (20), we obtainH J [Ω] in terms of the R, b and L fields. Our key observation is that the continuum limit of the classical Hamiltonian isH
along the surface J 1 = 3J 2 (a 0 is the lattice constant). The L-mode is massive at this level, while the b-mode becomes massive upon including the four-spin interactions:
Based on our previous discussion, the low-energy sector of H J +H K provides a 2D realization of the PCM (i.e., it has an emergent (SU(2) × SU(2))/Z 2 SO(4) chiral symmetry) on the fine-tuned parameter surface J 1 = 3J 2 . In terms of the original lattice model, this emergent symmetry corresponds to independent invariance under global spin rotations (present in the microscopic model) and orbital transformations connecting different sublattices, which are not present in the microscopic model. Our next step is to show that fine tuning can be avoided in magnets with cubic symmetry at the expense of adding "compass-like" terms to the PCM, which couple the spatial and spin variables, but preserve the overall rotational symmetry in the long length limit (cubic anisotropy only appears to forth order in the momentum of the excitations).
Three-dimensional case. Now we move on to magnetic orderings on the pyrochlore lattice (PL) [33] . We will again consider a spin Hamiltonian H P = H H + H B that is the sum of an AFM Heisenberg model with NN, NNN and third-NN exchange constants {J 1 , J 2 , J 3 }, and a biquadratic interaction between NN:
Like in the previous case, the classical ground state spin configurations of H H are given by Eq. (13) . The difference is that the three ordering wave vectors are now 3D reciprocal lattice verctors Q µ = √ 2πe µ (our unit of length is the distance between NN sites). In particular, the triple-Q magnetic ordering now corresponds to the "all-in-all-out" configuration depicted in Fig. 2(d) . Once again, this configuration can be continuously connected with the coplanar double-Q and collinear single-Q by changing the relative magnitudes of the vectors s µ in Eq. (13) (rotations of the b vector). Similarly to the previous case, the role of the biquadratic interaction H B is to select the triple-Q ordering, i.e., make the b fluctuations massive.
Given that the structure of the local order parameter is identical to the 2D case, we can follow a similar procedure to derive an effective field theory around the triple-Q all-in-all-out ordered state. In this case, we get
, and B 2 =
. Similar to the 2D case, the b-mode becomes massive upon the inclusion of biquadratic interactions [34] :
Proceeding in the same way as above, we get the zero-mode Hamiltonian (27) with f 0 = B 1 + 2(A + B 2 ), f 1 = 2B 2 − B 1 and f 2 = −2B 2 . Were the coefficients B 1,2 vanishing, nothing will change in the above theoretical framework, except the number of the spatial coordinates must be 3. The terms proportional to B 1,2 mix the coordinate and spin indices, reducing the overall coordinateisospin symmetry from spherical to cubic [35] . Nevertheless, given that cubic anisotropy only appears to fourth order in the momentum of the quasi-particles, the low-energy excitation spectrum of Eq. (25) remains identical to the one of the PCM (a degenerate triplet of Goldstone modes with renormalized velocity), implying that the inclusion of the B 1 and B 2 still preserved the overall rotational symmetry in the long wavelength limit.
A natural consequence of our derivation is that stable skyrmion configurations can be generically induced in noncollinear magnets. The stability condition is granted by the four-derivative terms in the gradient expansion (not included in our derivation), which are always present in real magnets and play the role of the Lorentz invariant quartic term in Skyrme's model. This can be verified by splitting the energy into the contributions coming from the two and four derivative terms, E = E 2 + E 4 , and applying a scale transformation: x → λx. The energy then becomes e(λ) = E 2 /λ + λE 4 , implying that there is an optimal skyrmion size (the one satisfying E 2 = E 4 ) and that this size is of order g 4 /g 2 , where g 2 (g 4 ) is the effective coupling constant in front of the two (four) derivative term. It is then clear that g 2 (stiffness of the non-linear sigma model) must become much smaller than g 4 , for the skyrmion radius to be much bigger than the lattice parameter g 4 /g 2 a 0 . This condition can be achieved in the proximity of a Lifshitz point (commensurate to incommensurate transition). This point can be reached by increasing J 3 in the two models considered in this Letter (e.g., for the triangular lattice case the Lifshitz point is at J 3 = J 2 /2 according to Eq. (22)).
In summary, noncollinear magnets can produce locally stable 3D skyrmions under quite general conditions. Moreover, like in the case of the 2D baby skyrmions [36] [37] [38] [39] [40] [41] , 3D Skyrmion crystals are also expected to occur beyond the Lifshitz transition. These 3D Skyrmion crystals are the magnetic counterpart of the neutron crystal solutions found by I. Klebanov in the context of neutron stars [42] .
